The design of vibration control systems for the seismic protection of closely adjacent buildings is a complex and challenging problem. In this paper, we consider distributed multi-actuation schemes that combine interbuilding linking elements and interstory actuation devices. Using an advanced static output-feedback H ∞ approach, active and passive vibration control systems are designed for a multi-story two-building structure equipped with a selected set of linked and unlinked actuation schemes. To validate the effectiveness of the obtained controllers, the corresponding frequency responses are investigated and a proper set of numerical simulations is conducted using the full scale North-South El Centro 1940 seismic record as ground acceleration disturbance. The observed results indicate that using combined interstory-interbuilding multi-actuation schemes is an effective means of mitigating the vibrational response of the individual buildings and, simultaneously, reducing the risk of interbuilding pounding. These results also point out that passive control systems with high-performance characteristics can be designed using damping elements.
Introduction
In the design of vibration control systems for the seismic protection of closely adjacent buildings, a twofold objective has to be considered: (i) to mitigate the vibrational response of the individual structures and (ii) to provide a proper protection against interbuilding impacts (pounding) [1] . A common strategy to meet these objectives consists in connecting the adjacent buildings by linking elements, which can help both to dissipate the structural vibration energy and to keep the interbuilding gap within safe limits. Over the last years, a significant research effort has been made in this field. Recent works on the seismic response of adjacent structures include nonlinear dynamical models for pounding events [2] [3] [4] [5] , stochastic assessment of pounding risk [6] , structural analysis of large buildings connected by sky-bridge links [7] , seismic response of adjacent nonstructural components [8] , and reduced-order models for the study of the analytical characteristics of linked structures [9] [10] [11] [12] . Also, a wide variety of control strategies has been recently proposed, including passive linking systems with viscous and viscoelastic elements [13] [14] [15] [16] [17] [18] , nonlinear linking dampers [19, 20] , semiactive magnetorheological linking dampers [21] [22] [23] , shared Tuned-Mass-Dampers [24] [25] [26] , and active linking devices [27, 28] . Improved performance and robustness can be attained by hybrid control schemes that make a combined use of interbuilding linking elements and vibration control systems implemented in the individual buildings. Positive results are reported by recent works in this line, which combine the connected control method with base-isolation systems [29] [30] [31] [32] [33] , multi-isolation systems [34] , and interstory multi-actuation systems [35] [36] [37] .
Encouraged by the aforementioned statements, in this paper two different kinds of force actuation devices are considered: interstory actuators, which are implemented between consecutive stories of the same building and exert structural forces restricted to this building, and interbuilding actuators, which are implemented between stories located at the same level of adjacent buildings and produce structural forces affecting both buildings (see Figure 1b) . The main objective is to design effective vibration control systems with hybrid interstory-interbuilding multi-actuation schemes. More specifically, we are interested in designing: (i) active control systems with reduced and realistic feedback information, and (ii) passive control systems with high-performance characteristics. To meet the former objective, we assume that the relative velocities associated to the actuation devices are measurable and compute static velocity-feedback H ∞ controllers following an advanced linear matrix inequality (LMI) approach [38, 39] . While, in the latter, the actuation devices are assumed to be passive viscous dampers and the corresponding damping capacities are computed by designing a fully decentralized velocity-feedback H ∞ controller [40] . The main problem is described by means of a particular two-building system equipped with different linked and unlinked actuation schemes. To assess the effectiveness of the proposed active and passive control strategies, the corresponding frequency responses are investigated. Also, a proper set of numerical simulations is conducted using the full scale North-South El Centro 1940 seismic record as ground acceleration disturbance. The rest of the paper is organized as follows: In Section 2, state-space models for the uncontrolled two-building system and the different linked and unlinked controlled configurations are provided. In Section 3, the centralized and decentralized static velocity-feedback H ∞ controllers are designed and the characteristics of the corresponding frequency responses are discussed. In Section 4, numerical simulations of the time responses are conducted and illustrative peak-value plots of the interstory drifts, interbuilding approaches and control efforts are provided and compared. In Section 5, some conclusions and future research directions are briefly presented. Additionally, the particular parameter values of the two-building system used in the controller designs and numerical simulations are included in Appendix A, and the main elements of the LMI-based static output-feedback H ∞ controller design methodology are summarized in Appendix B.
Two-Building Mathematical Models

Uncontrolled Configuration
Let us consider a two-building system formed by a four-story building adjacent to a five-story building as schematically depicted in Figure 1a . In this uncontrolled configuration, the lateral motion of the buildings can be described by the second-order differential equation
where q(t) is the vector of story displacements with respect to the ground, M is the mass matrix, C d is the damping matrix, K s is the stiffness matrix, w(t) is the ground acceleration disturbance and T w is the disturbance input matrix. The vector of story displacements can be written in the form
where q j i (t) represents the displacement of the ith story in the building B (j) (denoted as s j i in Figure 1 ) with respect to the building's ground level s 
where m j i denotes the mass of the ith story in the building B (j) . The damping and stiffness matrices have a similar block diagonal structure
where
s represent the local damping and stiffness matrices, respectively, corresponding to the building B (j) , and [0] r×s is a zero matrix of dimensions r × s. Typically, the local stiffness matrices have the following tridiagonal structure:
where k j i denotes the stiffness coefficient of the ith story in the building B (j) (see Figure 1a) . When the values of the damping coefficients c j i are known, the local damping matrices C (j) d can be obtained by replacing the stiffness coefficients k j i in Equation (5) by the corresponding damping coefficients. Frequently, however, the values of the damping coefficients cannot be properly determined and other computational methods are used to obtain the matrices C (j) d [41] . Finally, the disturbance input matrix has the following form:
where [1] n×1 is a vector of dimension n with all its entries equal to one. In order to describe the vibrational response of the two-building system, we consider two different types of output variables: interstory drifts and interbuilding approaches. The interstory drift r j i (t) is the relative displacement between the consecutive stories s j i and s j i−1 of the building B (j) , and can be defined as
where n j represents the number of stories of the building B (j) . The overall vector of interstory drifts
can be computed as
with
The interbuilding approach a i (t) describes the approaching between the stories s 1 i and s 2 i placed at the same level in the adjacent buildings, and can be defined as
For the considered two-building system, the vector of interbuilding approaches
Next, by introducing the state vector
we obtain a first-order state-space model
with system matrices
where I n denotes an identity matrix of dimension n. The vectors of interstory drifts and interbuilding approaches can be computed in the form
using the output matrices
Controlled Configurations
In order to mitigate the vibrational response of the adjacent buildings, we consider two different kinds of force actuation devices: (i) interstory actuators, which are implemented between consecutive stories of the same building, and (ii) interbuilding actuators, which are implemented between stories located at the same level in the adjacent buildings. In both cases, the actuation device produces a pair of opposite structural forces on the corresponding stories. An actuation scheme with two interstory actuators (d 1 and d 2 ) located at the buildings' lowest level, and one interbuilding actuator (d 3 ) implemented at the fourth-story level is schematically depicted in Figure 1b , where u j (t) denotes the actuation force produced by the actuation device d j . For this control configuration, the lateral motion of the buildings can be described by the second-order differential equation
is the vector of control forces, n d is the total number of actuation devices and T u is the control location matrix, which models the overall effect of the actuation system. By considering the state vector x(t), we obtain the state-space modelẋ
with the control input matrix
For the control configuration presented in Figure 1b , the control location matrix is
In this work, we consider a set of six different control configurations, defined by a particular actuation scheme. The configurations that contain interbuilding actuation devices are called linked, and those that only contain interstory actuators are called unlinked. The control configuration I (CC1), presented in Figure 2a , is an unlinked configuration that includes two interstory actuators (d 1 and d 2 ) located at the buildings' lowest level. The control configuration II (CC2), presented in Figure 2b , is a linked configuration that includes an interstory actuator (d 1 ) located at the lowest level of the building B (2) , and an interbuilding actuator (d 2 ), located at the fourth-story level. Control configurations with three and four actuation devices are presented in Figures 3 and 4 , respectively. The control location matrices corresponding to the configurations CC1, CC2 and CC3 are, respectively,
the matrix T IV u corresponding to the configuration CC4 has been previously presented in Equation (24) , and the control location matrices corresponding to the configurations CC5 and CC6 are, respectively, -u 1 (t) 
Controllers Design
Static Output-Feedback H ∞ Centralized Controllers
Static output-feedback controllers can be designed to perform a fast and effective computation of the control actions from the available feedback information. Typically, these kind of controllers can be written in the form u(t) = Ky(t), (27) where u(t) is the vector of control actions, K is a constant control gain matrix and y(t) is a vector of measured outputs. According to the results summarized in Appendix B, a suboptimal static output-feedback H ∞ controller can be computed for the linear system in Equation (22) by solving the LMI optimization P given in Equation (A8). The design procedure involves a measured-output vector of the form
that models the available feedback information, and a vector of controlled outputs
that allows computing the overall cost of the system response and the control action. In this work, we assume that the relative velocities associated to the actuation devices are measurable and consider the vector of measured outputs:
where n d is the total number of actuation devices and y j (t) represents the relative velocity corresponding to the actuation device d j . For the control configuration , the vector of measured outputs can be written as a linear combination of the state variables defined in Equation (15) using the measured-output matrix
where T u is the corresponding control location matrix. Thus, for the configuration CC6 displayed in Figure 4b , the number of actuation devices is n d = 4 and the measured-output vector has the form y(t) = [y 1 (t), y 2 (t), y 3 (t), y 4 (t)] T , where y 1 (t) is the interstory velocity at the first-story level in building B (1) , y 2 (t) and y 3 (t) denote the interstory velocity at the first and second story levels in building B (2) , respectively, and y 4 (t) is the interbuilding velocity at the four-story level. In this case, by considering the matrix T VI u given in Equation (26), we obtain the measured-output matrix 
To define the controlled-output vector z(t), it should be noted that large interstory drifts and interbuilding approaches must both be avoided in order to prevent buildings' structural damage and interbuilding collisions. Additionally, moderate control efforts are also convenient. To this end, we consider the controlled-output matrices
where α r , α a and α u are scaling coefficients that compensate the different magnitude of interstory drifts, interbuilding approaches and control forces, respectively, C r and C a are the matrices given in Equation (19) , and n d is the total number of actuation devices of the considered control configuration. With this choice, the controlled-output vector satisfies
To obtain a velocity-feedback H ∞ controller for the control configuration , we consider the system matrices A, B and E corresponding to the control location matrix T u , the mass and stiffness values given in Table A1 (see Appendix A) and the damping matrices in Equations (A1) and (A2); the measured-output matrix C y in Equation (31); and the controlled-output matrices C z and D z in Equation (33) defined by the corresponding control dimension n d and the scaling coefficients
Next, by applying the computational procedure described in Appendix B, we obtain a velocity-feedback control gain matrix K and an upper bound γ of the corresponding H ∞ -norm γ , which can be computed by considering the closed-loop transfer function T K (2π f j) in Equation (A17) and solving the optimization problem given in Equation (A16). For the control configurations CC1 and CC2, we obtain the following velocity-feedback control gain matrices
and the γ-value upper bounds
The actual γ-values are
To illustrate the frequency behavior of the velocity-feedback controllers defined by the gain matrices K I and K II , the maximum singular values of the closed-loop transfer functions T K I (2π f j), T K II (2π f j) and the open-loop transfer function
are presented in Figure 5 . In this figure, the thin black solid line displays the maximum singular values of the open-loop transfer function and shows the frequency response characteristics of the uncontrolled two-building structure. The peaks in this plot are associated to the natural resonant frequencies of the individual buildings, which are presented in Table 1 . The main peak-value is associated to the frequency 1.0082 Hz and has a magnitude
which corresponds to the H ∞ -norm of the uncontrolled configuration. The thick blue solid line presents the frequency response of the configuration CC1 with the velocity-feedback control gain matrix K I , and the red dash-dotted line shows the frequency response of the configuration CC2 with the velocity-feedback control gain matrix K II . As indicated in Equation (A16), the largest peak-values in these plots correspond to the controllers H ∞ -norms given in Equation (38) . Following the same design procedure, we obtain the velocity-feedback control gain matrices 
for the configuration CC5, and finally, the control gain matrix 
for the control configuration CC6. The corresponding γ-values and upper bounds γ are collected in Table 2 . The frequency responses are presented in Figures 6 and 7 , using a blue solid line for the unlinked configurations (CC3 and CC5), and a red dash-dotted line for the linked configurations (CC4 and CC6). According to the γ-values in Table 2 and the value γ 0 in Equation (40), three facts can be noted: (i) all the controllers obtained with the proposed design methodology provide a good level of reduction in the H ∞ -norm value, (ii) an increasing effectiveness is attained with a larger number of actuation devices, and (iii) smaller γ-values are obtained by the unlinked control configurations. All these facts can also be clearly appreciated by observing the peak-values in the frequency plots presented in Figures 5-7 . These frequency plots also show that, in all the cases, a significant reduction of the vibrational response is additionally attained in the secondary resonant peaks. 
Static Velocity-Feedback H ∞ Decentralized Controllers
From a practical point of view, the controllers defined by the velocity-feedback gain matrices K computed in the previous section have the important advantage of using a reduced system of sensors which are naturally associated to the actuation devices. However, they also present two serious drawbacks. Firstly, the complete vector of measured outputs is used to compute the control actions and, consequently, a wide communication system would be necessary in the controller implementation. Secondly, producing the corresponding actuation forces would require active devices with a large power consumption and potential reliability issues. These two disadvantages, typically present in active vibration control of large structures, can be properly overcome by considering fully decentralized velocity-feedback controllers with control gain matrices of the form
which can be obtained by solving the LMI optimization problem P in Equation (A8) with the same matrices used in the previous controller designs and constraining the LMI variable matrices X R and Y R to a diagonal form. As indicated in [17, 40] , if the gain matrix elementsk i are all negative, then this kind of controllers admit a passive implementation using linear viscous dampers. Thus, for instance, by applying this design methodology to the control configuration CC1, we obtain the following diagonal gain matrix:
Hence, the decentralized velocity-feedback controller defined by the diagonal gain matrix K I can be implemented using two interstory linear damping devices d 1 and d 2 with respective damping constants 0.8543 × 10 7 Ns/m and 1.2968 × 10 7 Ns/m. The frequency response characteristics of this passive control system are displayed in Figure 8 using a red dash-dotted line. The frequency response corresponding to the uncontrolled configuration (thin black solid line) and the centralized controller defined by the gain matrix K I (thick blue solid line) are also included as a reference. The plots in the figure clearly show the good behavior of the obtained passive controller, which practically matches the performance of the active centralized controller over most of the frequency range, and produces a small increment (of about 10%) in the peak-value corresponding to the main resonant frequency. Using the same design strategy to compute decentralized velocity-feedback controllers for the other control configurations considered in this paper, we have obtained diagonal gain matrices with the values presented in Table 3 . Comparing the corresponding γ-values collected in Table 4 and the value γ 0 in Equation (40), it can be appreciated that the same three facts observed in the centralized controller designs also apply to the decentralized controllers: (i) all the controllers obtained with the proposed design methodology provide a good level of reduction in the H ∞ -norm value, (ii) an increasing effectiveness is attained with a larger number of actuation devices, and (iii) smaller γ-values are obtained by the unlinked control configurations. However, two new elements appear in the decentralized design: (iv) the risk of failure of the controller design procedure is higher in the decentralized designs, and (v) the γ-value attained by some decentralized controllers is lower than the one obtained by the associated centralized controller. The increased risk of failure in the decentralized design procedure can be explained by the additional structure constraints introduced in the LMI optimization problem, which can produce feasibility issues. This kind of numerical problems are poorly understood and sometimes depend on the particular numerical solver and the options used in the LMI optimization procedure. In our case, the feasibility issues have only been encountered in the design of a diagonal gain matrix for the control configuration CC5. Regarding the γ-value produced by some decentralized controllers, by comparing the γ-values in Tables 2 and 4 , it can be seen that a lower γ-value is attained by the decentralized controllers for the control configurations CC2, CC3 and CC6. A clear view of this situation can be obtained in Figure 9 , which presents the frequency response corresponding to the passive control system defined by the diagonal gain matrix K VI (red dash-dotted line) and the corresponding centralized controller defined by the gain matrix K VI given in Equation (43) (thick blue solid line). To explain this unexpected fact, it should be noted that the LMI optimization procedure is based on the upper bound γ and produces a suboptimal H ∞ controller. Obviously, the upper bound γ(K ) corresponding to the unstructured gain matrix K must be inferior to the upper bound γ( K ) obtained for the diagonal gain matrix K , which has been computed by solving a constrained version of the same LMI optimization problem. Looking at the data in Tables 2 and 4 , we can see that the inequality γ(K ) ≤ γ( K ) certainly holds for all the control configurations. Additionally, the actual γ-values γ(K ) and γ( K ) must satisfy γ(K ) ≤ γ(K ) and γ( K ) ≤ γ( K ). However, these inequalities do not exclude the observed fact that γ( K ) < γ(K ). That is, they do not exclude the unexpected possibility of obtaining a passive controller with a better performance than the corresponding active controller. 
Numerical Simulations
In this section, a proper set of numerical simulations is conducted to investigate the vibrational time-response of the two-building system for the considered control configurations. The simulations include the active controllers designed in Section 3.1, the passive controllers computed in Section 3.2 and the response of the uncontrolled buildings, which is taken as a natural reference in the performance assessment. In all the cases, the full-scale North-South El Centro 1940 ground acceleration seismic record (see Figure 10 ) has been used as external disturbance. To describe the vibrational response of the individual buildings and the buildings interactions, the vectors of interstory drifts r(t) and interbuilding approaches a(t) have been computed. Additionally, the vector of control efforts u(t) has also been computed for the controlled configurations. Overall, the simulations include eleven different control configurations plus the uncontrolled case. To provide an intuitive and effective summary of this complex set of numerical results, the control configurations have been grouped by the number of actuation devices. Thus, the peak-values of the absolute interstory drifts and interbuilding approaches corresponding to the control configurations with two actuation devices (CC1 and CC2) are presented in Figure 11 , where the interstory drift peak-values corresponding to the four-story building B (1) are presented in the left-hand-side graphic, the interbuilding approach peak-values are shown in the central graphic, and the interstory drift peak-values corresponding to the five-story building B (2) are displayed in the right-hand-side graphic. In the graphics of this section, the following colors and line styles have been used: blue lines present the values of the unlinked control configurations, red lines represent the linked control configurations, and black lines correspond to the uncontrolled configuration; additionally, active controllers are represented by solid lines, and passive controllers by non-solid lines. Detailed legends and captions have also been included in the figures to facilitate an unambiguous interpretation of the graphics. Specifically, the following colors, line styles and symbols have been used in the plots of Figure 11 : black solid line with squares for the uncontrolled configuration, blue solid line with circles for the unlinked control configuration CC1 with the active controller defined by the control gain matrix K I given in Equation (36) , blue dashed line with asterisks for the unlinked control configuration CC1 with the passive controller defined by the control gain matrix K I given in Equation (45), red solid line with triangles for the linked control configuration CC2 with the active controller defined by the control gain matrix K II given in Equation (36) , and red dotted line with hexagrams for the linked control configuration CC2 with the passive controller defined by the control gain matrix K II given in Table 3 . The peak-values of the corresponding absolute control efforts are presented in Figure 12a . Looking at graphics in Figures 11 and 12a , the following facts can be clearly appreciated: (i) all the controllers provide a significant level of reduction in the interstory drift and interbuilding approach peak-values when compared with the uncontrolled response; (ii) the unlinked control configuration CC1 is more effective in mitigating the interstory drift response; (iii) the linked control configuration CC2 attains better results in reducing the interbuilding approaches; (iv) smaller control-effort peak-values are produced by the linked configuration CC2; and (v) the levels of performance attained by the passive controllers are quite similar to those achieved by the corresponding active controllers, especially in the case of the linked control configuration CC2. For the control configurations with three actuation devices CC3 and CC4, the plots of interstory drift and interbuilding approach peak-values presented in Figure 13 show that the best overall behavior corresponds to the linked control configuration CC4 with the active controller defined by the control gain matrix K IV given in Equation (41) (red solid line with triangles). Also remarkable is the overall performance of the linked control configuration CC4 with the passive controller defined by the control gain matrix K IV given in Table 3 (red dotted line with hexagrams). Moreover, looking at the plots shown in Figure 12b , it can be appreciated that smaller control-effort peak-values are required by the controllers corresponding to the linked control configuration CC4. For the control configurations with four actuation devices CC5 and CC6, the plots of interstory drift and interbuilding approach peak-values presented in Figure 14 and the control-effort peak-values displayed in Figure 12c indicate the superior performance of the linked control configuration CC6 with the active controller defined by the control gain matrix K VI given in Equation (43). The good properties of this linked control configuration with the passive controller K VI can also be clearly appreciated. It should be recalled that feasibility issues appeared in the design of a fully decentralized velocity-feedback controller for the unlinked control configuration CC5 and, consequently, no passive controller is available for this case. To complement the information supplied by the interstory drift and the interbuilding approach time responses, the absolute acceleration peak-values of the buildings' top-level stories corresponding to the proposed active and passive velocity-feedback controllers are presented in Tables 5 and 6 , respectively. Additionally, to provide a wider vision of the acceleration response characteristics, the story absolute acceleration peak-values corresponding to the uncontrolled configuration and the active and passive controllers proposed for the control configurations CC3 and CC4 are displayed in Figure 15 . Looking at the values of building B (1) in Table 5 , it can be appreciated that better results are attained by the linked control configurations. In this case, the best performance is achieved by the linked configuration CC6, which produces a 50.6% of reduction with respect to the uncontrolled response. In contrast, the values of building B (2) indicate a better behavior of the unlinked control configurations. For this building, the best performance corresponds to the unlinked control configuration CC3, which produces a 45.5% of reduction with respect to the uncontrolled response. Looking at the data in Table 6 , a similar pattern can be appreciated in the values produced by the passive controllers. In this case, the best results are attained by the linked configuration CC4 in building B (1) , which produces a 39.7% of reduction with respect to the uncontrolled response, and by the unlinked configuration CC3 in building B (2) , with a relative reduction of 43.1%. These acceleration response characteristics are further illustrated by the plots in Figure 15 , where the following facts can be clearly appreciated: (i) all the proposed controllers produce positive results in reducing the story absolute acceleration peak-values when compared with the uncontrolled response; (ii) the unlinked control configuration CC3 is more effective in mitigating the acceleration response of the taller building B (2) ; (iii) the linked control configuration CC4 attains better results in reducing the acceleration response of the shorter building B (1) ; and (iv) the levels of performance of the passive controllers are similar to those attained by the corresponding active controllers, especially in the case of the linked control configuration CC4. Remark 2. In order to avoid the modeling and simulation difficulties associated to interbuilding collisions, the numerical simulations have been carried out assuming that the interbuilding spacing is large enough to prevent pounding events. In this case, the maximum interbuilding approaches can be understood as lower bounds of safe interbuilding distances. Thus, for example, the central plots in Figure 14 point out that, for the considered seismic event, an interbuilding distance of 2.5 cm can be considered safe for the active and passive controllers of the linked control configuration CC6 while, in contrast, an interbuilding separation of 5 cm would produce interbuilding collisions for the active controller of the unlinked control configuration CC5. For the uncontrolled configuration, a interbuilding gap of more than 25 cm would have been necessary to avoid pounding events.
Remark 3.
It should be noted that the linked control configuration CC2 is an incomplete actuation scheme, in the sense that it does not include any interstory actuation device in building B (1) . This element can possibly help to explain its reduced effectiveness in mitigating the interstory drift response. In contrast, all the other control configurations include a more balanced actuation scheme with interstory actuation devices in both buildings.
Remark 4.
Although no general conclusions can be drawn from the considered particular configurations, the obtained numerical results seem to indicate that the presence of interbuilding actuation devices can produce opposite effects in the acceleration response of linked buildings with a different height. This fact certainly opens a number of interesting questions related to the acceleration response characteristics of linked buildings, such as the relevance of the height difference, the behavior of linked buildings with the same height, and the effect of multiple linking devices.
Conclusions and Future Directions
In this paper, the design of advanced structural vibration control systems for the seismic protection of adjacent multi-story buildings has been investigated. The proposed approach considers multi-actuation schemes that combine interstory and interbuilding force actuation devices implemented at different locations of the structure. Using an advanced static output-feedback H ∞ controller design methodology, active and passive vibration control systems have been obtained for a multi-story two-building structure equipped with a selected set of linked and unlinked actuation schemes. After studying the corresponding frequency and time responses, the following positive points can be highlighted: (i) The proposed design methodology allows dealing with a wide variety of actuation schemes. (ii) The obtained control systems provide a significant reduction of the frequency response in the main and secondary resonant modes. Moreover, they also produce a significant reduction of the maximum interbuilding approaches and the absolute interstory drift peak-values in both buildings. Additionally, the following negative aspects can be pointed out: (viii) The design procedure can fail due to feasibility issues in the associated LMI optimization problem, specially in the constrained passive designs. (ix) The controller H ∞ -norm is a suitable index to obtain effective controllers, but it cannot be used to identify optimal configurations of the actuation system. (x) Due to the computational cost and complexity, the proposed design methodology is only effective for structures with a moderate number of stories.
In summary, the observed results indicate the convenience of using multi-actuation systems that combine interbuilding linking devices and interstory actuators implemented in both buildings. The good behavior exhibited by the obtained passive control systems is a fact of singular relevance, which certainly deserves a deeper investigation. Further research effort should also be invested in studying the acceleration response of linked buildings, and in performing more realistic numerical simulations, which should include the effect of pounding events and other nonlinear aspects. Finally, it is worth mentioning the important open problem of finding a suitable methodology to determine the optimal configuration of distributed multi-actuation systems in large-scale structures. In this appendix, the particular parameter values of the two-building system used in the controller designs and numerical simulations are presented. The mass and stiffness coefficients are collected in Table A1 . These values are similar to those presented in [42] . Approximate damping matrices C (1) d and C (2) d have been computed following a Rayleigh damping approach [41] , by setting a 2% of relative damping on the corresponding smallest and largest modes. This appendix provides a brief summary of the static output-feedback H ∞ controller design methodology presented in [38, 39] . Let us consider the linear model where x(t) is the state, u(t) is the control action, w(t) is the external disturbance, z(t) is the controlled output, and y(t) is the measured output. The design objective is to obtain an optimal static output-feedback H ∞ controller u(t) = Ky(t)
that produces an asymptotically stable closed-loop matrix
and, simultaneously, minimizes the associated H ∞ -norm
where f 2 = ∞ 0 f T (t) f(t) dt 1/2 denotes the usual continuous 2-norm. Computing this kind of optimal controllers is a challenging problem that still remains open. However, according to the results in [38, 39] , a suboptimal static output-feedback H ∞ controller u(t) = Ky(t)
can be computed by solving the following LMI optimization problem:
P : maximize η subject to X Q > 0, X R > 0, η > 0 and the LMI in (A9), (A8)
where * denotes the transpose of the symmetric entry, X Q , X R and Y R are the optimization variables, Q is a matrix whose columns contain a basis of Ker(C y ), and the matrix R has the following form:
are the Moore-Penrose pseudoinverses of C y and Q, respectively, and X is the optimal X-matrix of the auxiliary LMI optimization problem P a : maximize η a subject to X > 0, η a > 0 and the LMI in (A13), (A12)
If an optimal value η is attained in P for the triplet X Q , X R , Y R , then the output gain matrix K can be written in the form
Moreover, the value
provides an upper bound of the associated H ∞ -norm γ K , which can be computed by solving the optimization problem
where j = √ −1, f is the frequency in hertz, σ max [ · ] denotes the maximum singular value and
is the closed-loop transfer function from the disturbance input to the controlled output.
